Non-crossing Knight's Tour in 3-Dimension 

Awani Kumar. 2/1 1-C, Vijayant Khand, Gomti Nagar, Lucknow 226010. INDIA 

E-mail: awanieva® gmail.com 
Abstract 

Non-crossing knight's tour in 3 -dimension is a new field of research. The author has shown its possibility 
in small cuboids and in cubes up to 8x8x8 size. It can also be extended to larger size cubes and cuboids. 
The author has achieved jumps of length 15, 46, 88, 159, 258 and 395 in cubes of size 3x3x3, 4x4x4, 
5x5x5, 6x6x6, 7x7x7 and 8x8x8 respectively. This amounts to covering 59%, 73%, 71%, 74%, 76% and 
77% cells in these cubes. 

Introduction 

The problem of knight's tour on a square board is almost as old as the game itself but the non-crossing 
(or the non-intersecting) tour problem is a recent one. Here, the knight needs not to visit all the squares 
but care should be taken to find the longest path on a given board without visiting a square twice or 
crossing its own path. Here 'path' consists of straight lines drawn between the centre of the starting and 
ending square of every jump. Fig.l and Fig.2 are examples of non-crossing tours of length 5 on a 4x4 
board. The former is an open tour and the later, a reentrant tour. Lines show the non-crossing path. 
Basically, knight is a three dimensional piece and its move (0, 1, 2) has an aesthetic appeal being the first 
three whole number. However, traditional study of knight's tour has been mostly confined to 2- 
dimension. Perusal of literature reveals that the problem of non-crossing path on the 8x8 board was 
solved in 1930, with an open path of 35 moves by T. R. Dawson and with a closed path of 32 moves by 
the Romanian chess problemist Wolfgang Pauly [1]. These results were reported without a diagram of 
Pauly's result. Later, Murray [2] showed the diagram in his unpublished manuscript. The knight problem 
for small rectangular boards was rediscovered by Yarbrough [3]. Some of his results were improved on in 
letters in the same journal 1969 (vol.2, nr.3, pp. 154-157) by R. E. Ruemmler (7x8 and 5x9 to 9x9), D. E. 
Knuth (5x6, 6x6, 7x8, 8x8, confirming the Dawson/Pauly results, and 5x9) and M. Matsuda (6x6, 6x8, 
5x9, 7x9 and 9x9). Jelliss [4] and Merson [5] have looked into non-crossing tours by fairy pieces and on 
larger boards. 

More recently, Awani Kumar [6] looked into the problem of knight's tour in 3-dimension but it was 
mostly confined to tours having magic properties. Now, the author proposes to look into the problem of 
non-crossing knight's tour in 3-dimension. Here 'path' consists of straight lines drawn between the centre 
of the starting and ending cells of every jump. 

Non-crossing tours in cuboids: In 2-dimension, the readers can easily see that 2x3 is the smallest 
rectangle in which a knight can move. In 3-dimension, 2x2x3 is the smallest cuboid in which a non- 
crossing knight tour of length 4 is possible. The readers can visualize it in 3-dimension by stacking the 
2x3 rectangles, one over the other, in alphabetical order as shown in Fig.3. Fig.4 shows a non-crossing 
knight's tour of length 8 in a 2x3x3 cuboid. It is interesting to note that Fig.3 and Fig.4 are non-crossing 
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closed knight's tour, that is, their starting and ending cells are the same. Such tours are rare. Fig. 5, Fig.6 
and Fig.7 are tours in cuboids of size 2x4x4, 3x3x4 and 3x4x4 and having length 14, 20 and 27 
respectively. 
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Rg.l. Open tour Fig.2. Reentrant tour Fjg.3. Non-crossing closed knight's tour in 2x2x3 cuboid 





1 


6 








0,8 




2 



7 4 



A B 
Fig.4. Non-crossing closed knight's tour in 2x3x3 cuboid 
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Fig.5. Non-crossing knight's tour in 2x4x4 cuboid 
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Hg.7. Non-crossirg knight's tour in 3x4x4 cuboid 

Non-crossing tours in cubes: In 2-dimension, 3x3 is the smallest square in which a knight can move. In 
3-dimension, 3x3x3 is the smallest cube in which a non-crossing knight tour of length 15 is possible as 
shown in Fig.8. Fig.9, Fig.10, Fig.ll, Fig.12, and Fig. 13 are tours in cubes of size 4x4x4, 5x5x5, 6x6x6, 
7x7x7 and 8x8x8 having length 46, 88, 159, 258 and 395 respectively. Readers are encouraged to look 
for longer tours in these cubes and cuboids. 
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Fig .8. Non-crossing reentrant knight's tour in 3x3x3 cube 
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Rg.9. Non-crossing knight's tour in 4x4x4 cube 
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Fig.10. Non-crossing knight's tour in 5x5x5 cube 
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Fig.ll. Non-crossing knight's tour in 6x6x6 cube 
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Rg.12. Non-crossing knight's 
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in 7x7x7 cube 
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Fig.13. Non-crossing knight's tour in 
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8x8x8 cube 



Conclusion: About non-crossing tours in 2-dimension, Meyrignac [7] states, "Strangely, this problem did 
not receive much consideration, although it's much harder to solve than the normal knight tour problem! 
For example: the knight tour problem can be solved via the Warnsdorf heuristic or a recent divide-and- 
conquer algorithm among other methods, and we still don't know any heuristic on the uncrossing 
variant." In 3-dimension, the problem is even more hard. The author has shown the possibility of non- 
crossing knight's tour in 3-dimension and has set the ball rolling (or let loose the knight!) by venturing 
into small cubes and cuboids. The percentage of cells covered has been increasing with the increase in the 
size of the cube and the author has achieved 77% coverage in an 8x8x8 cube. What can be the maximum 
percentage in a cube? What can be the maximum length in mxnxk cuboid? What about non-crossing 
knight's tour in 4-dimension? We count on readers to pursue this search. From little acorns, let us grow 
mighty oaks. 
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